Published by Institute of Physics Publishing for SISSA/ISAS Received: March 16, 2004 Accepted: May 7, 2004

Five-loop ϵ expansion for U(n) × U(m) models: finite-temperature phase transition in light QCD

Pasquale Calabrese

Theoretical Physics, University of Oxford 1 Keble Road, Oxford OX1 3NP, U.K. E-mail: calabres@thphys.ox.ac.uk

Pietro Parruccini

Dipartimento di Chimica Applicata e Scienza dei Materiali (DICASM) Università di Bologna Via Saragozza 8, I-40136 Bologna, Italy E-mail: parrucci@df.unipi.it

Abstract: We consider the U(n) × U(m) symmetric Φ^4 lagrangian to describe the finitetemperature phase transition in QCD in the limit of vanishing quark masses with n = m = N_f flavors and unbroken anomaly at T_c. We compute the Renormalization Group functions to five-loop order in Minimal Subtraction scheme. Such higher order functions allow to describe accurately the three-dimensional fixed-point structure in the plane (n, m), and to reconstruct the line n^+(m, d) which limits the region of second-order phase transitions by an expansion in ϵ = 4 − d. We always find n^+(m, 3) > m, thus no three-dimensional stable fixed point exists for n = m and the finite temperature transition in light QCD should be first-order. This result is confirmed by the pseudo-ϵ analysis of massive six-loop three dimensional series.

Keywords: Renormalization Group, Field Theories in Lower Dimensions, QCD.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep052004018 /jhep052004018 .pdf

Contents

1. Introduction 1

2. Five-loop ϵ-expansion of U(n) × U(m) model 3 2.1 RG functions 4 2.2 Estimates of n^+(m, 3) 5

3. Pseudo-ϵ expansion 6

4. Conclusions 7

A. The effect of the anomaly 8

1. Introduction

The phase diagram of QCD is characterized by a low temperature hadronic phase with broken chiral symmetry and an high temperature phase with deconfined quarks and gluons, in which chiral symmetry is restored. The nature of the transition between these two phases depends on the QCD parameters, as the number of flavors and quark masses. In the limit of zero quark masses such phase transition is essentially related to the restoring of chiral symmetry (see e.g. the reviews [1]).

The QCD lagrangian with N_f massless quarks is classically invariant under the global flavor symmetry U(1)_A × SU(N_f ) × SU(N_f ) [2]. The axial U(1)_A symmetry may be broken by the anomaly at the quantum level, reducing the relevant symmetry to SU(N_f ) × SU(N_f ) × Z(N_f )_A [2]. At T = 0 the symmetry is spontaneously broken to SU(N_f )_V with a nonzero quark condensate. With increasing T , a phase transition characterized by the restoring of the chiral symmetry is expected at T_c. To parameterize this phase transition a complex N_f -by-N_f matrix Φ_{ij} is introduced as an order parameter. The most general renormalizable three-dimensional U(N_f ) × U(N_f ) symmetric lagrangian is [2, 3]

L_{U(Nf )} = Tr(∂_μΦ^†)(∂_μΦ) + r Tr Φ^†Φ + u_0 4 ( Tr Φ^†Φ

)_2 + v_0 4 Tr ( Φ^†Φ

)_2 , (1.1)

which describes the QCD symmetry breaking pattern only if v_0 > 0 [4].

If the anomaly is broken at T_c, the effective lagrangian is [2, 3]

L_{SU(Nf )} = L_{U(Nf )} + w_0(det Φ + det Φ^†) . (1.2)

The effect of non-vanishing quark masses can be accounted for by adding a linear term m_{ij} Φ_{ij} in the lagrangian [1, 2, 3], that acts as a magnetic field in a spin model.

– 1 –

The mean-field analysis of the U(N_f ) × U(N_f ) lagrangian eq. (1.1) predicts a secondorder phase transition everywhere the stability conditions v_0 ≥ 0 and N_f u_0 + v_0 ≥ 0 are satisfied. However, according to Renormalization Group (RG) theory the critical behavior at a continuous phase transition is described by the stable fixed point (FP) of the theory [5]. The absence of a stable FP indicates that the transition cannot be continuous, even though mean-field suggests it. Therefore the transition is expected to be first-order (see e.g. [6]).

The U(N_f ) × U(N_f ) lagrangian was studied at one-loop in ϵ = 4 − d expansion [2, 7, 8] and at six-loop in the massive zero-momentum renormalization scheme directly in d = 3 [4]. No stable FP was found for all values of N_f ≥ 2, concluding for a first-order phase transition. Anyway both the used approximations have intrinsic limits. The one-loop ϵ expansion, as discussed in ref. [4], provides useful qualitative indications for the description of the RG flow, but it fails in describing quantitatively the right three-dimensional behavior. The major drawback of fixed dimension expansion is that the numerical resummation techniques necessary to extract quantitative informations allow to explore a large, but limited, region in the space of coupling constants (e.g. in ref. [4] the resummation results to be effective only in the region −2 ≤ u, v ≤ 4, where u, v are the couplings used in Ref [4]). One cannot exclude a priori that a FP may be outside the accessible region of effectiveness of resummation in d = 3. These problems are absent in ϵ expansion since no resummation is needed to find the FP’s, being series in ϵ.

For these reasons, we extend the ϵ expansion series to five loops. We consider the U(n) × U(m) generalization of lagrangian (1.1), where Φ is a n-by-m complex matrix. To understand why we decide to study this more general model let us consider the already known one-loop β functions [7]:

β_u(u, v) = −ϵ u + (nm + 4)u^2 + 2(n + m)uv + 3v^2 , β_v(u, v) = −ϵ v + 6uv + (n + m)v^2 . (1.3) For n = m a couple of FP’s with non-vanishing and negative v exists only for n < √ 3 + O(ϵ) [2], suggesting a first-order phase transition for those systems, as light QCD, having v_0 > 0. Anyway, if one considers the model with n ≠ m a more complicated structure of FP’s emerges. Two FP’s, the gaussian one (u^∗ = v^∗ = 0) and the O(2nm) one (v^∗ = 0), always exist. For n ≥ n^+(m, d) and n ≤ n^−(m, d) other two FP’s appear which we call U^+ and U^−, whose coordinates at one-loop read

u^∗_± = A_{mn} ± (m + n)R^{1/2}_{mn} 2D_{mn} ϵ , v^∗_± = B_{mn} ∓ 3R^{1/2}_{mn} D_{mn} ϵ , (1.4)

with B_{mn} = nm^2−5n+mn^2−5m , A_{mn} = 36−m^2−2mn−n^2 , R_{mn} = 24+m^2−10mn+n^2 , D_{mn} = 108−8m^2−16mn+m^3n−8n^2+2m^2n^2+mn^3 . (1.5) The v^∗ coordinates of U^± for n > n^+ are positive, as it should be to provide the right symmetry breaking of QCD. Requiring R_{mn} > 0, we have n^± = 5m±2 √ 6 √ m^2 − 1+O(ϵ).^1

1Note that it is possible to study the generalized U(n) × U(m) model at fixed m in a 1/n expansion, since it has a FP for n = ∞, contrarily to the U(n) × U(n).

– 2 –

The stability properties of these FP’s at fixed m (for the physically relevant case m ≥ 1) are characterized by the following four different regimes (note the analogy with the O(n) × O(m) model [9]):

1. For n > n^+(m, d), there are four FP’s, and U^+ is the only stable. Both U^± have v^∗ > 0.

2. For n^−(m, d) < n < n^+(m, d), only the gaussian and the Heisenberg O(2nm)- symmetric FP’s are present, and none of them is stable. Thus the transition is expected to be first-order.

3. For n_H (m, d) < n < n^−(m, d), there are again four FP’s, and U^+ is the stable one.

However at small ϵ for m < 5, it has v^∗ < 0. For v_0 > 0 a first-order transition is expected. For this reason we will never consider the value of n^−(m, d).

4. For n < n_H (m, d),^2 there are again four FP’s, and the Heisenberg O(2mn)-symmetric one is stable.

Now it is possible (and one has to check!) that the actual value of n^+(m, 3) is lower than m, providing a stable FP and consequently a new universality class for U(N_f )×U(N_f ) symmetric models. To give a definitive answer to this question, high order calculations are required, since low order ones lead to erroneous conclusions, as we shall see. However we anticipate that we do not find any stable FP, supporting the results of ref. [4].

The paper is organized as follows. The U(n) × U(m) model is analyzed at five-loop in ϵ expansion in section 2. In section 3, the model is reanalyzed with pseudo-ϵ expansion at six-loop order in massive zero-momentum renormalization scheme. Section 4 summarizes our main results. In the appendix we briefly discuss the effect of the anomaly.

2. Five-loop ϵ-expansion of U(n) × U(m) model

We extend the one-loop ϵ expansion of refs. [7] for the RG functions of the U(n) × U(m) symmetric theory to five-loop. For this purpose, we consider the minimal subtraction (MS) renormalization scheme [5] for the massless theory. We compute the divergent part of the irreducible two-point functions of the field Φ, of the two-point correlation functions with insertions of the quadratic operators Φ^2, and of the two independent four-point correlation functions. The diagrams contributing to this calculation are 162 for the four-point functions and 26 for the two-point one. We handle them with a symbolic manipulation program, which generates the diagrams and computes the symmetry and group factors of each of them. We use the results of ref. [13], where the primitive divergent parts of all integrals appearing in our computation are reported. We determine the renormalization constant Z_Φ associated with the fields Φ, the renormalization constant Z_t of the quadratic operator Φ^2,

2The value of nH (m) may be inferred from refs. [10, 11], where it was shown, on the basis that at a global O(N) FP all the spin four operators have the same scaling dimension, that the O(N) FP is stable only if N < Nc, with Nc ∼ 2.9 [6, 11, 12]. Thus the O(2nm) FP is stable for n ≲ 1.45/m and it is not expected to play any role at the QCD phase transition.

– 3 – and the renormalized quartic couplings u, v. The functions β_u, β_v , η_ϕ and η_t are determined using the relations β_u(u, v) = μ ∂u ∂μ | | |_{u0,v0} , β^v(u, v) = μ ∂v ∂μ | | |_{u0,v0} , (2.1) η_ϕ(u, v) = ∂ log Z_Φ ∂ log μ | | u_0,v_0 , η_t(u, v) = ∂ log Z_t ∂ log μ | | u_0,v_0

. (2.2)

The zeroes (u^∗, v^∗) of the β functions provide the FP’s of the theory. In the framework of the ϵ expansion, they are obtained as perturbative expansions in ϵ and then are inserted in the RG functions to determine the ϵ expansion of the critical exponents:

η = η_ϕ(u^∗, v^∗) , ν = (2 − η_ϕ(u^∗, v^∗) − η_t(u^∗, v^∗))^{−1} . (2.3)

2.1 RG functions The five-loop expansions of the β functions are given by

β_u = −ϵ u + (nm + 4)u^2 + 2(n + m)uv + 3v^2 − 3 2 (7 + 3mn)u^3 − 11(m + n)u^2v − − 41 + 5mn 2 uv^2 − 3(m + n)v^3 + + ( 740 + 461mn + 33m^2n^2 16 + ζ(3)(33 + 15mn) ) u^4 + + ( 659n + 79m^2n + 659m + 79mn^2 8 + 48ζ(3)(m + n) ) u^3v + + ( 2619 + 1210mn + 230n^2 + 230m^2 + 3n^2m^2 16 + 18ζ(3)(7 + mn) ) u^2v^2 + + ( 15 4 (20n + m^2n + 20m + n^2m) + 36ζ(3)(m + n) ) uv^3 + + ( 425 + 20m^2 + 153mn + 20n^2 16 + 6ζ(3)(4 + mn) ) v^4 + β^u_5 + β^u_6 , (2.4)

β_v (u, v) = −ϵ v + 6uv + (n + m)v^2 −

41 + 5mn 2 u^2v − 11(m + n)uv^2 − 3 5 + mn 2 v^3 + +v [ ( 821 + 184mn − 13m^2n^2 8 + 12ζ(3)(7 + mn) ) u^3 + + ( 1591 n − 35 m^2 n + 1591m − 35mn^2 16 + 72ζ(3)(m + n) ) u^2v + + ( 211 + 9 m^2 + 73mn + 9n^2 2 + 24ζ(3)(4 + mn) ) uv^2 + (2.5) + ( 295n + 13m^2n + 295m + 13mn^2 16 + 9ζ(3)(m + n) ) v^3 ] + β^v_5 + β^v_6 .

The coefficients β^u_5 , β^v_6 , β^u_5 , β^u_6 are very long and not really illuminating. We do not report them here, but they are available on request to the authors. The same is true for the RG functions η_ϕ and η_t to five-loop, that we calculated but never used, since we did not find evidence for a FP in the space of parameters of interest.

– 4 –

We have checked that for v = 0 the series reduce to the existing O(ϵ^5) ones for the O(2nm)-symmetric theory [14]. For m = 1 and any n (or viceversa, given the symmetry under the exchange n ↔ m) the theory is equivalent to an O(2n) in the coupling u + v, so the series satisfy the relation β_u(z+y, z−y; n, m = 1)+β_v (z+y, z−y; n, m = 1) = β_{O(2n)}(z), where β_{O(2n)}(z) is the β-function of the O(2n) model [14].

2.2 Estimates of n^+(m, 3)

From the above reported series, the ϵ expansion of n^±(m) may be calculated to O(ϵ^5). n^±(m) may be expanded as

n^±(m) = n^±_0 (m) + n^±_1 (m) ϵ + n^±_2 (m) ϵ^2 + n^±_3 (m) ϵ^3 + n^±_4 (m) ϵ^4 + O(ϵ^5) , (2.6)

and the coefficients n^±_i (m) are obtained by requiring

β_u(u^∗, v^∗; n^±) = 0 , β_v (u^∗, v^∗; n^±) = 0 , and det | | | ∂(β_u, β_v ) ∂(u, v) | | | (u^∗, v^∗; n^±) = 0 . (2.7) For generic values of m, the expression of n^±(m, 4 − ϵ) is too cumbersome in order to be reported here. We only report the numerical expansion of n^+ at fixed m = 2, 3, 4, i.e.

n^+(2, 4 − ϵ) = 18.4853 − 19.8995ϵ + 2.9260ϵ^2 + 4.6195ϵ^3 − 0.7182ϵ^4 + O(ϵ^5) , n^+(3, 4 − ϵ) = 28.8564 − 30.0833ϵ + 6.5566ϵ^2 + 3.4056ϵ^3 − 0.7958ϵ^4 + O(ϵ^5) , n^+(4, 4 − ϵ) = 38.9737 − 40.2386ϵ + 9.6089ϵ^2 + 3.0505ϵ^3 − 0.6156ϵ^4 + O(ϵ^5) . (2.8)

In order to give an estimate of n^+(m, 3) such series should be evaluated at ϵ = 1. A linear extrapolation of the two-loop contribution leads to the wrong conclusion that n^+(m, 3) < m, i.e. that the transition is continuous. This is the anticipated statement that high-loop computations are needed to have a conclusive result. Anyway, a direct sum of the five-loop series is not effective, since they are expected to be divergent. The high irregular behavior with the number of the loops makes also a Borel-like resummation non effective as well (in fact Padé-Borel resummation leads to unstable results). Thus we try to extract from eqs. (2.8) better behaved series by means of algebraic manipulations.

This may be done considering (as in ref. [15])

1/n^+(2, 4 − ϵ) = 0.0541 + 0.0582ϵ + 0.0541ϵ^2 + 0.0355ϵ^3 + 0.0172ϵ^4 + O(ϵ^5) , 1/n^+(3, 4 − ϵ) = 0.0347 + 0.0361ϵ + 0.0298ϵ^2 + 0.0188ϵ^3 + 0.0095ϵ^4 + O(ϵ^5) , 1/n^+(4, 4 − ϵ) = 0.0257 + 0.0265ϵ + 0.0210ϵ^2 + 0.0132ϵ^3 + 0.0067ϵ^4 + O(ϵ^5) , (2.9)

whose coefficients decrease rapidly. Setting ϵ = 1 we obtain the results reported in table 1.

Another method, firstly employed for O(m) × O(n) models in ref. [16], use the knowledge of n^+(m, 2) to constrain the analysis at ϵ = 2, under the (strong) assumption that n^+(m, d) is sufficiently smooth in d at fixed m. n^+(m, 2) may be conjectured further assuming that the two-dimensional LGW stable FP is equivalent to that of the NLσ model for all n ≥ 1 except n = 1 [5]. Since the NLσ model is asymptotically free, we conclude that n^+(m, 2) = 1. The knowledge of n^+(m, 2) may be exploited in order to obtain

– 5 – m 1/n^+ a final 3-loop 4-loop 5-loop 3-loop 4-loop 5-loop 2 6.01 4.95 4.56 4.98 4.55 4.44 4.5(5) 3 9.94 8.38 7.76 8.07 7.53 7.40 7.6(8) 4 13.7 11.6 10.7 11.0 10.3 10.2 10.5(1.1)

Table 1: Estimates of n^+ for several m with varying the number of loops.

some informations on n^+(m, 3), rewriting the perturbative series for n^+(m, 4 − ϵ) in the following form n^+(m, 4 − ϵ) = 1 + (2 − ϵ) a(m, ϵ) , (2.10)

where

a(2, ϵ) = 8.743 − 5.579ϵ − 1.326ϵ^2 + 1.646ϵ^3 + 0.464ϵ^4 + O(ϵ^5) , a(3, ϵ) = 13.928 − 8.078ϵ − 0.760ϵ^2 + 1.323ϵ^3 + 0.263ϵ^4 + O(ϵ^5) , a(4, ϵ) = 18.987 − 10.626ϵ − 0.508ϵ^2 + 1.271ϵ^3 + 0.328ϵ^4 + O(ϵ^5) , (2.11)

whose terms are better behaved than the original series, but not decreasing. We consider the series a(2, ϵ)^{−1} obtaining a more “convergent” expression, which may be estimated simply by setting ϵ = 1. The results of this constrained analysis are reported in table 1. Note that, although the several not completely justified assumptions we made, the final obtained series are highly stable with changing the number of the loops. Obviously this is not an evidence favoring the validity of the assumptions, but it is a very convincing argument to ensure the goodness of our estimates.

As final estimates we quote an average of the five-loop results (that are quite close) and as error bar the maximum difference with the fourth order ones. For all the considered value of m we have n^+(m, 3) > m, thus the transition for U(n) × U(n) models is expected to be first-order. We also check that n^+(m, 3) > m for higher values of m.

Since the new couple of FP’s does not exist for finite temperature transition of light QCD, we do not report their expansion in terms of ϵ and the exponents characterizing the critical behavior for n > n^+. Anyway they may be obtained from the series we reported and from those that are available on request.

3. Pseudo-ϵ expansion

In this section we analyze the six-loop zero-momentum massive three-dimensional series with the so-called pseudo-ϵ expansion method [17], since it provided the best results for the marginal spin dimensionality in spin models (see e.g. refs. [15, 6] and references therein). The β functions for generic n and m were calculated at six-loop in ref. [4] (but they were not reported there).

The idea behind the pseudo-ϵ expansion is very simple [17]: one has only to multiply the linear terms of the two β functions by a parameter τ, find the common zeros of the β’s as series in τ and analyze the results as in the ϵ expansion. The critical exponents are

– 6 –

N = 0 N = 1 N = 2 N = 3 N = 4 N = 5 M = 0 18.485 5.219 4.769 4.596 4.542 4.527 M = 1 10.762 4.753_{[29.5]} 4.487_{[2.59]} 4.518_{[3.23]} 4.522_{[3.72]} M = 2 8.190 4.579_{[7.43]} 4.518_{[3.21]} 4.523 M = 3 6.921 4.533_{[4.99]} 4.522_{[3.65]} M = 4 6.181 4.524_{[4.30]} M = 5 5.708

Table 2: Padé table for n^+(2, 3) in pseudo-ϵ expansion. The location of the positive real pole closest to the origin is reported in brackets.

obtained as series in τ inserting the FP’s expansions in the appropriate RG functions. Note that, differently from the ϵ expansion, only the value at τ = 1 makes sense. The reason for which it works well is twofold: first in the three dimensional approach at least one order more in the loop expansion is known, second, and more important, the RG functions are better behaved in the massive approach [5, 17].

Following the recipe explained in the previous section for the MS scheme, we obtain

n^+(2, 3) = 18.4853 − 13.2663τ − 0.4499τ^2 − 0.1735τ^3 − 0.0537τ^4 − 0.0144τ^5 , n^+(3, 3) = 28.8564 − 20.0555τ − 0.3092τ^2 − 0.2609τ^3 − 0.1444τ^4 − 0.0968τ^5 , n^+(4, 3) = 38.9737 − 26.8257τ − 0.2690τ^2 − 0.3582τ^3 − 0.2199τ^4 − 0.1526τ^5 . (3.1)

At least up to the known order, such expansions do not behave as asymptotic with factorial growth of coefficients and alternating signs. So one may apply a simple Padé resummation [15]. The results of the [N/M] Padé approximants are displayed in table 2 for m = 2. Several approximants have poles on the positive real axis. Anyway all these poles are “far” from τ = 1, where the series must be evaluated. Thus one may expect the presence of a pole not to influence the result at τ = 1. Anyway for the cases m = 3, 4 some Padé have poles at τ < 2, that must be discarded in the average procedure. We choose as final estimate the average the six-loop order Padé without poles at τ < 2 (excluding those with N = 0, giving unreliable results), and as error bar we take the maximum deviation from the average of four- and five-loop Padé (as in ref. [15]). Within this procedure we have n^+(2, 3) = 4.52(7), n^+(3, 3) = 7.98(25), n^+(4, 3) = 11.1(4).

The final results are in very good agreement with those of the previous section from a completely different approach. This is a clear evidence that the estimates we made are robust.

4. Conclusions

In this paper we investigated the possibility of a second-order phase transition in QCD in the limit of vanishing masses. When the U(1)_A symmetry is restored at T_c, the finite temperature chiral transition, if continuous, may be described by the lagrangian L_{U(Nf )} eq. (1.1). We pointed out that the correct extrapolation at ϵ = 1 is obtainable considering

– 7 – its U(n) × U(m) symmetric extension at fixed m. In fact the last model has a stable FP for n > n^+(m, d) that is not accessible from the theory with n = m. The presence of a stable FP for light QCD with N_f = m flavors requires n^+(m, 3) < m. After showing that low order calculations are not conclusive, we performed a five-loop expansion that allowed to conclude that no continuous transition is possible for three dimensional models with U(n) × U(n) symmetry for n ≥ 2. We corroborated this result with a direct threedimensional analysis, namely with the pseudo-ϵ expansion at six-loop order.

In ref. [4] six-loop massive zero momentum series were analyzed directly in three dimensions allowing to exclude that a FP, without any counterpart in ϵ expansion exists (as it was claimed to happen for O(n) × O(2) models for low values of n both for v > 0 [18] and v < 0 [19]). We believe that this work, together with ref. [4], put on a robust basis the prediction that the transition in U(n) × U(n) models is first-order.

In the appendix, following ref. [4], we point out that the anomaly may lead to a continuous transition only for N_f = 2 and large values of |w_0|, instead for N_f ≥ 3 it does not softens the first-order transition of the U(N_f ) × U(N_f ) model, for any value of w_0.

Finally it is worth mentioning that the U(n) × U(m) models could be relevant in the description of some quantum phase transitions, as it happens for their O(n) × O(m) counterparts for Mott insulators [20]. Being n^+(m, 3) > m for all m ≥ 2, we predict a first-order phase transition for all those systems with m ≤ 3, which are interesting for the condensed matter point of view.

Acknowledgments

We thank Luigi Del Debbio and Ettore Vicari for useful discussions. We thank E. Vicari for providing us six-loop three dimensional RG functions calculated and not reported in ref. [4]. PC acknowledges financial support from EPSRC Grant No. GR/R83712/01.

A. The effect of the anomaly

If the U(1)_A symmetry is broken at T_c by the anomaly, one has to consider the lagrangian (1.2). Since the effect of the anomaly is always (apart from the case N_f = 4) well described by general arguments, this appendix is very similar to part of ref. [4]. However, we report such arguments here in order to make this paper self-consistent.

In the large-N_c limit (where N_c is the number of colors), the effect of the anomaly tends to be suppressed, and the lagrangian eq. (1.1) is recovered in the limit N_c → ∞. The effective U(1)_A-symmetry breaking at finite temperature in real QCD has been investigated on the lattice. The U(1)_A symmetry appears not to be restored at T_c, but the effective breaking of the axial U(1)_A symmetry appears substantially reduced especially above T_c (see, e.g., refs. [21]). However, the lagrangian (1.1) still describe a large part of the phase diagram of the model with broken anomaly as we show closely following ref. [4].

For N_f = 2 the symmetry breaking pattern is equivalent to O(4) → O(3) [2]. If the transition is continuous it is in the three-dimensional O(4) universality class [2, 3, 22, 23], which has been accurately studied in the literature [6, 24]. Actually a continuous transition

– 8 – is expected only for large enough value of |w_0| (see ref. [4], in particular appendix A, for the phase diagram of this model). In particular the multicritical point is U(2) × U(2) symmetric. The phase diagram realized in light QCD may be understood only from the QCD lagrangian and not from universality arguments. Lattice simulations in two flavors QCD favor a continuous transition consistent with the O(4) universality class [25].

For N_f = 3 the determinant is cubic in Φ, making the lagrangian not bounded. So the transition is expected to be first-order for all w_0. Lattice simulations of QCD confirm this expectation [26].

For N_f = 4 the determinant is quartic in Φ, leading to the three couplings effective Φ^4 lagrangian L_{SU(4)} = L_{U(4)} + w_0ϵ_{ijkl}ϵ_{abcd}Φ_{ia}Φ_{jb}Φ_{kc}Φ_{ld} , (A.1) where ϵ_{ijkl} is the completely antisymmetric tensor (ϵ_{1234} = 1). Such lagrangian is not generalizable to an n-by-m matrix with n or m different from 4 and so we limit to consider the case n = m = 4. The one-loop β functions we obtain are

β_u(u, v, w) = −ϵu + 20u^2 + 16uv + 3v^2 + 8w^2 , β_v(u, v, w) = −ϵv + 8v^2 + 6uv − 8w^2 , β_w(u, v, w) = −ϵw + 6uw − 6vw . (A.2) Such series, as in six-loop three-dimensional case [4], have no common zeros with nonvanishing coordinates. Anyway, differently from three dimensions, the β_w vanishes in a region of parameters, different from w = 0 (namely the surface ϵ − 6(u − v) = 0). Higher loop corrections may not change the number of FP’s, since they are expansions in ϵ.

For N_f ≥ 5 the added anomaly term is irrelevant since it generates polynomials of degrees higher than four. Therefore for N_f ≥ 5 the lagrangians L_{SU(Nf )} and L_{U(Nf )} are equivalent at criticality.

References

[1] F. Wilczek, QCD in extreme conditions, hep-ph/0003183;

K. Rajagopal, The chiral phase transition in QCD: critical phenomena and long wavelength pion oscillations, hep-ph/9504310;

D.H. Rischke, The quark-gluon plasma in equilibrium, Prog. Part. Nucl. Phys. 52 (2004) 197–296 [nucl-th/0305030];

F. Karsch and E. Laermann, Thermodynamics and in-medium hadron properties from lattice QCD, hep-lat/0305025.

[2] R.D. Pisarski and F. Wilczek, Remarks on the chiral phase transition in chromodynamics, Phys. Rev. D 29 (1984) 338.

[3] F. Wilczek, Application of the renormalization group to a second order QCD phase transition, Int. J. Mod. Phys. A 7 (1992) 3911.

[4] A. Butti, A. Pelissetto and E. Vicari, On the nature of the finite-temperature transition in QCD, J. High Energy Phys. 08 (2003) 029 [hep-ph/0307036].

[5] J. Zinn-Justin, Quantum field theory and critical phenomena, Oxford Science Publication, Clarendon Press, Oxford 1996.

– 9 –

[6] A. Pelissetto and E. Vicari, Critical phenomena and renormalization-group theory, Phys.

Rept. 368 (2002) 549 [cond-mat/0012164].

[7] R.D. Pisarski and D.L. Stein, Critical behavior of linear ϕ^4 models with G × G^′ symmetry, Phys. Rev. B 23 (1981) 3549; The renormalisation group and global G × G^′ theories about four dimensions, J. Phys. A 14 (1981) 3341.

[8] A.J. Paterson, Coleman-Weinberg symmetry breaking in the chiral SU(N) × SU(N) linear sigma model, Nucl. Phys. B 190 (1981) 188.

[9] H. Kawamura, Universality of phase transitions of frustrated antiferromagnets, J. Phys.:

Condens. Matter 10 (1998) 4707.

[10] P. Calabrese, A. Pelissetto and E. Vicari, Comment on “bicritical and tetracritical phenomena and scaling properties of the SO(5) theory”, cond-mat/0203533; Multicritical phenomena in O(N(1)) + O(N(2)) symmetric theories, Phys. Rev. B 67 (2003) 054505.

[11] P. Calabrese, A. Pelissetto and E. Vicari, The critical behavior of magnetic systems described by Landau-Ginzburg-wilson field theories, cond-mat/0306273;

P. Calabrese, A. Pelissetto, P. Rossi, and E. Vicari, Field theory results for three-dimensional transitions with complex symmetries., Int. J. Mod. Phys. B 17 (2003) 5829.

[12] H. Kleinert and V. Schulte-Frohlinde, Exact five loop renormalization group functions of ϕ^4 theory with O(N) symmetric and cubic interactions: critical exponents up to ϵ^5, Phys. Lett. B 342 (1995) 284 [cond-mat/9503038];

H. Kleinert and S. Thoms, Large order behavior of two coupling constant ϕ^4 theory with cubic anisotropy, Phys. Rev. D 52 (1995) 5926 [hep-th/9508172];

H. Kleinert, S. Thoms, and V. Schulte-Frohlinde, Stability of 3D cubic fixed point in two-coupling-constant ϕ^4 theory, Phys. Rev. B 56 (1997) 14428; B.N. Shalaev, S.A. Antonenko, and A.I. Sokolov, Five-loop √ ϵ-expansions for random Ising model and marginal spin dimensionality for cubic systems, Phys. Lett. A 230 (1997) 105; M. Caselle and M. Hasenbusch, The stability of the O(N) invariant fixed point in three-dimensions, J. Phys. A 31 (1998) 4603;

K.B. Varnashev, Stability of a cubic fixed point in three-dimensions: critical exponents for generic N, Phys. Rev. B 61 (2000) 14660;

J.M. Carmona, A. Pelissetto, E. Vicari, The N component Ginzburg-Landau hamiltonian with cubic anisotropy: a six loop study, Phys. Rev. B 61 (2000) 15136; R. Folk, Yu. Holovatch and T. Yavors’kii, Pseudo-epsilon expansion of six-loop renormalization group functions of an anisotropic cubic model, Phys. Rev. B 62 (2000) 12195; P. Calabrese, A. Pelissetto, and E. Vicari, Critical behavior of vector models with cubic symmetry, Acta Phys. Slov. 52 (2002) 311.

[13] H. Kleinert and V. Schulte-Frohlinde, Critical properties of ϕ^4-theories, World Scientific, Singapore 2001.

[14] S.G. Gorishnii, S.A. Larin, F.V. Tkachov and K.G. Chetyrkin, Five loop renormalization group calculations in the g ϕ^4 in four-dimensions theory, Phys. Lett. B 132 (1983) 351; H. Kleinert, J. Neu, V. Schulte-Frohlinde, K.G. Chetyrkin and S.A. Larin, Five loop renormalization group functions of O(N) symmetric ϕ^4 theory and epsilon expansions of critical exponents up to ϵ^5, Phys. Lett. B 272 (1991) 39 [hep-th/9503230], erratumibid. B319 (1993) 545.

[15] P. Calabrese and P. Parruccini, Five-loop epsilon expansion for O(N) × O(M) spin models, Nucl. Phys. B 679 (2004) 568 [cond-mat/0308037].

– 10 –

[16] A. Pelissetto, P. Rossi and E. Vicari, Large-N critical behavior of O(N) × O(M) spin models, Nucl. Phys. B 607 (2001) 605 [hep-th/0104024].

[17] The pseudo-ϵ expansion was introduced by B. Nickel, see J.C. Le Guillou and J. Zinn-Justin, Critical exponents from field theory, Phys. Rev. B 21 (1980) 3976.

[18] A. Pelissetto, P. Rossi and E. Vicari, The critical behavior of frustrated spin models with noncollinear order, Phys. Rev. B 63 (2001) 140414;

P. Calabrese, P. Parruccini, and A.I. Sokolov, Chiral phase transitions: focus driven critical behavior in systems with planar and vector ordering, Phys. Rev. B 66 (2002) 180403; Critical thermodynamics of three-dimensional chiral model for N greater than 3, Phys. Rev. B 68 (2003) 094415.

[19] M. De Prato, A. Pelissetto and E. Vicari, The normal-to-planar superfluid transition in helium 3, cond-mat/0312362.

[20] S. Sachdev, Understanding correlated electron systems by a classification of Mott insulators, Ann. Phys. (NY) 303 (2003) 226; Order and quantum phase transitions in the cuprate superconductors, Rev. Mod. Phys. 75 (2003) 913.

[21] M.C. Birse, T.D. Cohen and J.A. McGovern, U(1) a symmetry and correlation functions in the high temperature phase of QCD, Phys. Lett. B 388 (1996) 137 [hep-ph/9608255]; Relations among correlation functions in the high temperature phase of QCD with broken SU(3), Phys. Lett. B 399 (1997) 263 [hep-ph/9701408];

C.W. Bernard et al., Which chiral symmetry is restored in high temperature QCD?, Phys. Rev. Lett. 78 (1997) 598 [hep-lat/9611031];

J.B. Kogut, J.F. Lagae and D.K. Sinclair, Topology, fermionic zero modes and flavor singlet correlators in finite temperature QCD, Phys. Rev. D 58 (1998) 054504 [hep-lat/9801020]; P.M. Vranas, The finite temperature QCD phase transition with domain wall fermions, Nucl. Phys. 83 (Proc. Suppl.) (2000) 414 [hep-lat/9911002].

[22] K. Rajagopal and F. Wilczek, Static and dynamic critical phenomena at a second order QCD phase transition, Nucl. Phys. B 399 (1993) 395 [hep-ph/9210253].

[23] S. Gavin, A. Gocksch and R.D. Pisarski, QCD and the chiral critical point, Phys. Rev. D 49 (1994) 3079 [hep-ph/9311350].

[24] R. Guida and J. Zinn-Justin, Critical Exponents of the N-vector model, J. Phys. A 31 (1998) 8103;

M. Hasenbusch, Eliminating leading corrections to scaling in the three-dimensional O(N) symmetric ϕ^4 model: N = 3 and N = 4, J. Phys. A 34 (2001) 8221; J. Engels and T. Mendes, Goldstone-mode effects and scaling function for the threedimensional O(4) model, Nucl. Phys. B 572 (2000) 289 [hep-lat/9911028]; F.P. Toldin, A. Pelissetto and E. Vicari, The 3-d O(4) universality class and the phase transition in two-flavor QCD, J. High Energy Phys. 07 (2003) 029 [hep-ph/0305264]; J. Engels, L. Fromme and M. Seniuch, Correlation lengths and scaling functions in the threedimensional O(4) model, Nucl. Phys. B 675 (2003) 533 [hep-lat/0307032].

[25] CP-PACS collaboration, A. Ali Khan et al., Phase structure and critical temperature of two flavor QCD with renormalization group improved gauge action and clover improved wilson quark action, Phys. Rev. D 63 (2001) 034502 [hep-lat/0008011]; Equation of state in finite-temperature QCD with two flavors of improved wilson quarks, Phys. Rev. D 64 (2001) 074510 [hep-lat/0103028];

– 11 –

F. Karsch, E. Laermann and A. Peikert, Quark mass and flavor dependence of the QCD phase transition, Nucl. Phys. B 605 (2001) 579 [hep-lat/0012023];

J. Engels, S. Holtmann, T. Mendes and T. Schulze, Finite-size-scaling functions for 3d O(4) and O(2) spin models and QCD, Phys. Lett. B 514 (2001) 299 [hep-lat/0105028]; J.B. Kogut and D.K. Sinclair, Tricritical scaling at the N(T ) = 6 chiral phase transition for 2 flavor lattice QCD with staggered quarks, Phys. Lett. B 492 (2000) 228; Scaling behaviour at the N(T ) = 6 chiral phase transition for 2-flavour lattice QCD with massless staggered quarks and an irrelevant 4-fermion interaction, Phys. Rev. D 64 (2001) 034508 [hep-lat/0104011]; Y. Iwasaki, K. Kanaya, S. Kaya and T. Yoshie, Scaling of chiral order parameter in two-flavor QCD, Phys. Rev. Lett. 78 (1997) 179 [hep-lat/9609022].

[26] F. Karsch, E. Laermann and C. Schmidt, The chiral critical point in 3-flavor QCD, Phys.

Lett. B 520 (2001) 41 [hep-lat/0107020];

Y. Iwasaki, K. Kanaya, S. Sakai and T. Yoshie, Chiral phase transition in lattice QCD with wilson quarks, Z. Physik C 71 (1996) 337 [hep-lat/9504019];

F.R. Brown et al., On the existence of a phase transition for QCD with three light quarks, Phys. Rev. Lett. 65 (1990) 2491;

J.B. Kogut and D.K. Sinclair, The thermodynamics of SU(3) lattice gauge theory with a light isodoublet of quarks, Nucl. Phys. B 295 (1988) 480;

R.V. Gavai, J. Potvin and S. Sanielevici, Metastabilities in three flavor QCD at low quark masses, Phys. Rev. Lett. 58 (1987) 2519.

– 12 –